In this note we present some theorems characterizing solutions of the equation f ðxÞ ¼ f ð'ðxÞÞ þ gðxÞ, where ' is a given involution, and particulary differentiable solutions of the equation f ðxÞ ¼ f ð1 À xÞ þ 2x À 1. The stability of this equation and nonexistence of the extremal points of the set of solutions are proved. (2000): 39B72.
Introduction
WLODZIMIERZ WYSOCKI, in connection with the problems of copulas, considers the fixed points of the application f 7 ! f ð1 À xÞ þ 2x À 1 in the class F of functions f : ½0; 1 ! R, such that f ð0Þ ¼ f 
where ': E ! E is a given involution, this means
f ; g: E ! G are unknown functions, E is an arbitrary set and ðG; þÞ is an arbitrary group. In this note we present some theorems characterizing solutions of Eqs. (1) and (2) and particularly, the differentiable solutions of Eq. (1) .
It is proved the stability of Eq. (2) and of the equation gð'ðxÞÞ þ gðxÞ ¼ 0:
Moreover, we obtain the nonexistence of the extremal points of the set of solutions of (2).
General Case

General Solution
Let ': E ! E be an involution.
Definition. We define the equivalence relation & E ÂE by the following formula xy , y ¼ 'ðxÞ or y ¼ x:
By E 1 we denote an arbitrary selection of the set E= and let 
where a: E 1 ! G, b: E 2 ! G are the arbitrary functions. Moreover, the function gðxÞ given by formula (6) is a solution of Eq. (4).
Easy calculations show that functions defined by (5) and (6) satisfy (2) and the function (6) fulfils (4).
Proof of ''only if''. We suppose that the functions f ; g satisfy Eq. (2). We define aðxÞ :¼ f ðxÞ for x 2 E 1 and bðxÞ :¼ gðxÞ for x 2 E 2 . In the next result (2) is considered as an equation with an unknown function f and a given function g.
Theorem 4. ð1
0 Þ Equation (2) has a solution if and only if g satisfies (4).
Assume that g; g 1 : E ! G satisfy (4). (2), and È: G ! G is an even function, then the function f : E ! G given by
satisfies (2). ð3 0 Þ If g 1 is invertible then the general solution f : E ! G of (2) can be obtained in the following way. Fix a solution f 1 : E ! G of (2), choose an even function È: g 1 ðEÞ ! G and put (8). . Therefore, the assumption that g 1 is invertible is essential in ð3 0 Þ of Theorem 4.
Stability
We will prove that the system of Eqs. (2) and (4), Eq. (2) and Eq. (4), are stables for some metrics.
Theorem 5. ð1 0 Þ Let us suppose that is the left translation-invariant metric in the group ðG; þÞ, this means ðu; vÞ ¼ ðt þ u; t þ vÞ, for u; v; t 2 G. For every ">0 and for every functions a: E ! G, b: E ! G such that
ðað'ðxÞÞ þ bðxÞ; aðxÞÞ "; ð10Þ 8x 2 E : ðbð'ðxÞÞ þ bðxÞ; 0Þ "; ð11Þ
there exists a solution f : E ! G, g: E ! G of the system of Eqs. (2) and (4) such that 8x 2 E : ðf ðxÞ; aðxÞÞ " ð12Þ and 8x 2 E : ðgðxÞ; bðxÞÞ ": ð13Þ
On Some Functional Equations Involving Involutions ð2 0 Þ If the metric is the left and right translation invariant and only the inequality (10) is true, then (12) is satisfied and we have (13) with 2" in place of ". ð3 0 Þ If the metric is the left translation invariant, 2ðu; 0Þ ð2u; 0Þ, for u 2 G and only (11) is true, then (13) is satisfied.
Proof. Functions f ; g given by (5), (6) satisfy (2) 
Attention. Here the equation 2gðxÞ ¼ 0 is not stable and the equivalent equation gðxÞ ¼ 0 is evidently stable.
Remark 4. The system of Eqs. (2), (3), (4) is not stable for some metrics in E and G, since the equation of involution is not stable for some translation-invariant metric Ã in E, i.e., the condition below (the analogon of the Ulam-Hyers stability of the equation of homomorphism in [1] ) is not satisfied: For every ">0 there exists a >0 such that for every : E ! E if Ã ð ð ðxÞÞ; xÞ for x 2 E, then there exists an involution ' such that Ã ð'ðxÞ; ðxÞÞ " for x 2 E.
Indeed, if E ¼ R with natural metric, then for arbitrary >0 and n fixed such that 1=n and n>3, the function : E ! E such that ð0Þ ¼ ð1=nÞ ¼ 1, ð1Þ ¼ 1=n, ðÞ ¼ , for 2 En f0; 1; 1=ng ¼: E Ã , satisfies j ð ðxÞÞ À xj , for x 2 E. We suppose that there exists an involution ' such that j ðxÞ À 'ðxÞj If ðG; þÞ is the group with arbitrary metric , then the triple ðhðxÞ; kðxÞ; ðxÞÞ ¼ ð0; 0; ðxÞÞ satisfies the inequalities ½hð ðxÞÞþ kðxÞ; hðxÞ , ½kð ðxÞÞ þ kðxÞ; 0 , j ð ðxÞÞ À xj , for x 2 E, and the solution ðf ; g; 'Þ of the system: (2), (4), (3) such that j ðxÞ À 'ðxÞj 1 3 , for x 2 E, does not exist. If the metric is 0 À 1 (ðx; xÞ ¼ 0 and ðx; yÞ ¼ 1 for x 6 ¼ y) then every functional equation (or system) is stable (it is sufficient to put arbitrary positive <1 for all ">0).
Particular Case. Differentiable Solutions
By Theorem 4 we have the following corollaries. for all x 2 À1; þ1½;
x þ 2È 0 ðxÞ þ 1>0 for all x 2 À1; þ1½; 1 þ 2È 00 ðxÞ>0; for all x 2 À1; þ1½; ÈðÀ1Þ ¼ Èð1Þ ¼ 0; È 0 ðÀ1Þ ¼ È 0 ð1Þ ¼ 0
and (15) is satisfied.
The next result is a consequence of Theorem 1. It is easy to see that there exists ">0 such that hðxÞ>0, for x 2 0; þ"½ and hðxÞ<0, for x 2 À"; 0½, thus we have hðxÞ ¼ ÀhðÀxÞ, for every x 2 À"; þ"½.
Indeed, on the contrary we get easily the contradiction with the supposition that there exists f 00 ð0Þ ð¼ g 0 ð0Þ Á h 0 ð0ÞÞ. We will prove that the function h is the odd function, so hðxÞ ¼ ÀhðÀxÞ;
for every x 2 R: ð22Þ
Indeed, on the contrary, let us put x 0 :¼ inffx ! ": hðxÞ ¼ hðÀxÞg. 
By the result of VOLKMANN (see [2] ), since the function h satisfies Eqs. (23) Corollary 4. If f : R ! R is a differentiable solution of (1), for which there exists f 00 ð0Þ and
